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DEFINITION OF SYMBOLS

d

i

K

K A

Kg

K o

K r

K1

K2

K3

M

missile's static margin

solenoid current, milliamps

static gain constant of the missile,

second per degree

static gain constant of the autopilot,

per volt

eo

T' degrees/

6__A , degrees

e I

static gain constant of the missile, n
-r--'

eO
degree/second

g's per

static gain constant of the amplifier and solenoid,

milliamps per volt

static gain constant of the rate gyro and servomotor

6r
combination, v--, degrees per degree/second

eo

proportionality constant between the transfer valve

linear displacement and solenoid current, _, inches

per milliamp

proportionality constant between the servomotor, out-

put velocity and the transfer valve linear dis-

placement, _, inches/second per
'inch

proportionality constant between the feedback voltage

e 2 voltsand she servomotor linear displacement, __,
x

per inch

Mach number, nondimensionalized constant
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SECURITY IN FOR_aTIO_ ... X

n

s

x

Y

(X

7

6

6A

6 r

¢I

•2

nondimensionalized normal acceleration of the mls_ile,

g's

Laplace transform variable corresponding to the

A
differential operator, D = d

dt

servomotor linear displacement, inches

transfer valve linear displacement, inches

missile angle of attack, degrees

missile flight-path angle, degrees

control-surface deflection of the missile, _6A - 6r,

degrees

control-surface-deflection output of the autopilot,

degrees

control-surface-deflection output of the rate gyro

and servomotor combination, degrees

quadratic damping ratio of the autopilot, non-

dimensionalized constant

quadratic damping ratio of the missile, non-

dimensionalized constant

autopilot error signal, eI - e2, volts

control system error signal sensed by the autopilot

free gyro, e I - eo, volts

autopilot feedback voltage proportional to the servo-

motor linear displacement, volts
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xl ¸

e i

e o

_o

_n

_n I

input attitude command signal measured from some

reference or uncaged autopilot gyro position,

degrees

output _tti_ude angle measured from the same reference

as 81, degrees

time ccnst_nt of the missile's linear factor, seconds

time constant of the amplifier _nd solenoid, seconas

mlasile's roll angle

undamped natural frequency of the autopilo_, radians

per second

uncar..pea n_tur_l frequency of the missile, radians

per second
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CIi_P TE_ I

INTRODUCTION

an___apurpose fo___rrcontrols. 1_e general research

program ol automatic control ana stabilization at the Pilot-

less aircraft Research Division of the _eronautlcal

LaOoratory is concerned wLtn the dynamic performance

cnaracteri_tics of an automatically controlled supersonic

missile configuraticn. This controlled missile, or control

system, may be com Cinea with a missile guiaance system such

as an infrared, acoustic, or radar-operated seeker so that

the cor._bination of the control system and the guidance

system will be aOle to seek out and coillde with a moving or

stationary target. T_e form of these targets may vary Irom

a nish-speed _.aneuverable jet aircraft to a strategic ground

installation such as a faccory. A seeker built into the

nose of a high-pe_'formance supersonic missile configuration

will give tr_e necessary coz._nana signals with some aynamlc

error--error in the aynamic state; the control system must

respona to these signals wlth sulficient accurucy to cause

a collision with a ceslred target.

Some types of controls that may be used alone or in

a comoina_icn of two or more are attitude angle, flight path

angle, normal acceleration, and roll angle. Tne significant

flL;ght anglez are illustrated in Figure 1. '
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Statement of the problem ana previous wor__k done. In

tnls paper, a theoretical investigation was m_ae of the

influence of the autopilot natural frequency upon the atti-

tude control system--a control of the missile's heading

during flight. The accuracy of the control system, or the

ability of the output to follow the input command signal

with little aynamic error, will improve as any of the control

system elements, such as the autop!lot, in the forward

circuit approaches a simple proportional control with no

dynamics in the element's transfer function. This element

would have a large pass band of frequencies where the ampli-

tuae ratio is constant, ana the phase lag is zero. IE this

same element operates on the outer-loop error signal,, a step

input commana signal to the control system will cause an

almost-instantaneous response requiring extremely high time

rates of change of signal at the element's outout. For this

reason, it is j_ot always advantageous to have such a perfect

element follow the error signal since the power and energy

output required is not practical with servomotors and

associated gear available at the present time. Also, the

cost of tiiese servomotors ana associated gear becomes

excessive as the pass bana requirea becomes large; therefore

limiting the pass Oand of a servomechanism element operating

cn the outer-loop error signal to a point where there is no

appreciable impairment of the system's accuracy is usually

r :'-2 :" _$I • @ @@ 00 •. _, ", ,- " @ @ @DO I_
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desirable.

As a result of work done in _n earlier paper, the

accuracy of control was improved by the addition of r_te

feedback to the transfer function of a small-statlc-m_rgln

mis_ile. 1 Rate feedback Inoreases the dmmplag ratio and the

undamped natural frequency of the quadratic factor or ch_r_c-

teristlc equation of the missile's transfer function• £n this

s_me paper, a perfect proportional _utopilot was the error-

sensing device of a zero steady-state error position servo-

mechanism. A perfect pro_ortlon=£ autopilot is one that has

a r=tio of output to input equal to a constant, K, for all

_o_slble frequencies. The study herein considels the addition

of dynamics in the form of a second-order characteristic

equation to the autopilot transfer function. Now, instead

of the ratio of output to Input being a constant, K, for all

possible frequencles, this r_tlo is no_ _ complex f_nction

of frequency having anamplltude as well as a phase response.

The rate feedback element is a rate gyro and servomotor

oomblnation designed and tested by the Control Laboratory at

Langley.

Statement of purpose. The purpose of this pager is

i Walter C. Nelson and Anthony L. Passera, A

Theoretical Investigation of the Influence of Auxiliary

D_mplng in Pitch on the D_namic Characteristics of _ Pro-

porttonal£_, Controlled Supersonic Missile Config_r'a_io-_,

NACA RM I_50F30, 1950.
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to investigate the effects of the autopLlot n=tural frequeney

upon the attitude control system ia terms of the tr=nsient

ch_racterlstios, and to determine ho_ lo_ the natural

frequency should be In order to yield _ re=ILzabAe system

.vlth respect to cost and with respect to mocumulator energy

and _ower requirements _Ithout too much loss in control

accur'_cy over a M_ch number and _Itltude range• The results

of thLs investigation _re presented in the form of attitude-

angle, oo_trol-surfaoe-deflectlon, and normal-a_oeler_t_oa

transient responses in response to a unlt step input oomm_ad

signal for several flight conditions.
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CHAPTER II

DESCRIPTION OF THE CONTROL SYSTEM

The attitude control system consists of a supersonic

missile, a rate gyro _nd servomotor combination, and an

autoptlot. This control system controls the heading of the

missile during flight. The input signal, Sl, Is a desired

heading required by a guidance system and Is measured from

the uncaged position of a free gyro rotor axis. The guidance

system continuously performs the functions of "seeing" a

target and computing what changes in the value of the exist-

lag _nput, @i, are required to cause a collision _ith the

target. The rotor of the gyro holds its sp=ce reference

during flight so that the output angle, So, is formed by the

axls of the gyro rotor _nd the missile heading. A _Ire-wouad

piskoff supplies a voltage _ro_ortional to thls angle and the

amplifier of the autopilot responds to the error signal,

el " So,

To sum up this discussion, a guLdaace system calls for

a particular heading, the free gyro compares the existing

missile heading wlth the heading required by the guidance

system producing an error volt_ge. The control system

responds to thls error voltuge correcting the out_ut, So,

so it agrees with the input, @£. There is no steady-stats

error voltage in this system slnoe a constant voltage. _l
J
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would al_ays produce a time rate of change of eo, and not

merely eo itself. This means that the output .ou£d eveatu-

ally become equal to the input after some passir_ of time.

The supersonic missile. The missile considered in

this paper is a symmetrical cruciform configuration shown in

Figure 2. A flight test of this configurat£on is reported

in a paper by Gardlner and Zarovsky. 1 The #lags and c_nard

fins are of delta design #Ith the le_dlng edges swept back

60 ° and have modlfied-double-_edge cross sectloa_. The

fusel_ge fineness ratio is 16. The canard fins _rovlde the

required longitudinal control .hile the auxiliary damping

is provided through these same canard fins by the action of

a rate gyro and servomotor combination•

The transfer function of the mlssile is obtained by

summing up the moments about an axis through the center of

gravity and perpendicular to the missile headlng, and by

summing the lift forces. The coefficieats for the transfer

function are experimentally determined by flight testiag

the missile at Wallops Island in Virginia. The missile

control surfaces or canards are pulsed daring ftight .bile

the response of the missile to these pulses is telemetered

to a _round station and the results recorded. The missile

i Robert A. Gardiner and Jacob Zarovsky, Ro_i(et-

Powered Flight Test of a Roll-Stab_.itzed Supersonic Mi§sile

Configuration, NACA R."_EgKOI_, 1950.
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has sufficient instrumentation so that the telemetered

results, after the necessary computations _re made, will

y_eld the stability derivatives. The transfer function

coefficients can then be determined from these stability

der Ivat ires.
J

The canard flns are _he forward control surfaces

shown in Figure 2. The angular deflection of these control

surfaces _re the result of the combined outputs of she auto-

pilot, and the rate gyro and servomotor combination taken

with regard co their _roper signs. Four canard flns are

Indi3ated by the figure. These four may be employed to con-

trol the missile heading in spuce if the missile is prevented

from rolling over by means of a roll control system. Such

a roll control system indicates errors in roll posi'_ion and

Is a servomechanism for oorrectlsg the errors by actuati_

• ing-tlp control surfaces on the aft section of the missile•

Diametrically o_posite canard fins _re controlled as one

3ontrol surface to _rovlde the required missile heading in

one plane.

The'r_te _ and servomotor combination. The r_te

gyro and servomotor _ombinatlon gives =dd_tion_l d_mpinE

to and Increases the natural frequency of the quadratic

factor in the missile's transfer function by provldlng a

3ontrol-surface deflecti3n proportional to the time r_te of
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change of the attitude angle. Figures 3 and 4 illustrate

the arr_ngeuent t]_,t _'ields the experimental response shown

on Figure 5. h_e torque proauced by the rate gyro, due to

8o, is o_:posea by a spring _o that _ny angular aisplacement

of the gyro gimO,,1 is propcrtlon_l to _o. The valve

controlllng the flow cf oil to the servomotor is linked

cirectly to tnc rate gyro 6imoal. This gimoal, in turn, has

its ruction aamped by two dasLpcts linked in parallel. The

tr-nsitnt respoLlse to a step 8o of the rate gyro and

servo:_otor ccm_in_tion was cbtainc_ cx:_erimcntally at the

_.,_lcy L_boratory by causing _ steo deflection of the rate-

'_'_,c gyro gimbal Fi_:ure 5 si_ows the transient response

obtained aria the a_oci_ted fccquency response determined by

tLc Fcurlcr series.2

<-

The uutopilot. Four a_,._tude-sensit!ve autopilots

are conslaered in tl_e _naiysls and approximatea by the

transfer function

5A KA_n2
-- (s) :
_i s2 * _n s + _n 2

wltn the following con_tmnt coelflclents:

_nc 140 raai_ns per seconu ana _ =0.5.

= 30., 50, 70,n

The schematic _nd

bloc_ diagrams of a oos_iOle autopilot arrangement yielding

]{obert C. Seamans, }_nja:.:in G. Bromberg, and L. E.

P_y_e, "_pplicatlon cf ti,c Peri'ormance Operator to Aircraft
nutom_tIc Control" Journal of _ero-nuutlcm! Science,

15:535-55, September, 1948.
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Figure 5.- Experimental transient response of.the rate gyro

and servomotor combination to a unit step 0o, and the
frequency response determined by the Fourier series.
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this second-order characteristic equation is shown in

Figure 6. This transfer function is valid only when the

system is considered to be entirely linear or _hen the

effects of saturation in the amplifier, mechanical stops on

the servomotor travel, dead spot in the control valve flow

characteristics, and other non-llnearlties are neglected.

_is is in keeping with linear servomechanism theory. The

physical autopilot consists of a free 6yro sensitive to

attitude-angle error olus a servomecnanlsm for deflecting

the missile's control surfaces or canarC fins. The value of

the damping ratio chosen has proven from exoerience to be a

good approximation of such a physical arrangement.

Autopilot _ Missile --

Rate gyro ant servo ._

The following is a description of the a_titude control

system block diacram. An input si_na_ or command, ,

calls for a chance in attitude an[le from some reference or

uncaged position of the autopilot gyro. The error signal,

Zl, that causes the autopilot to respond is

,l(S) = ei(s) - Co(S)

The autopilot responds to this signal and produces an

,
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output tn_t satisfies the transfer function

6A KA_n2

&-_ (s) S2 + 2_n s + _n 2

The rate iyro and servcmotor combination produces a

control-surface _ellectlon, 6r, in response to the signal,

0 o. The transfer function for tLe rate gyro is not availa-

ble in anai'_icul form, but for this paper, an exoerlmental-

ly deteruined transient response was available. _his

control-surface deflection, 6 = 6A - 6r, causes the missile

_o is produced_o :'espond _na _ change oi pitch angle ,

accocuing to the transfer function

Oo K (._s + i}
5-- (s) : 2

s (s e + Z_l_nls + _nl )

TI:Is tran3_er function is Obtaln_d from the linear

glfferenti_l equations of motion ,vlt_ constant coefficients

by assuming two degrees of freedom longitudinally and

_Isturbance from level flight• The Laplace transformation

is applied to these equations with all Ini_.ial conditions

equated to zero, and then the equations solved for 80/6.

The magnituae of the missile's constant coef_Iclents are

functions of the flight condltlons--Mach numoer and

altitude--, and the resulting values of the coefficients

are presente_ in TaD!e I. These constant coefficients are

expressed in terms of longitu_inal stability derivatives in

:': i " i:"..CONFI_E_]TIAC "_ .. : . : 1.. 1."
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TABLE I

MIbSILE TIL_N_FER FUNCTION COEFFICIENTS FOR VARIOUS

VALUES OF MACH NUMBER AND ALTITUDE

Static margin, 2 inches at g = 1.6;

5--(s) - K (_s + i)
s (s2 + _/i "niS + "nl 2)

>

I Mach Altitude .............i1,:
'l umber (feet) K _ i _ l

h
1.6 4,000 1800 0.'2-68 !0..26

1 •6 50 •000

1.2 4,000

2..0
........... l .... 4,000

_41 .687

1240 .287
I

5_50 .Z15

mn I

13.8

.17J 8.0

.21 15.5

.37 ii .8

i" i'_ ":. ":, i'. {-:' i':
CONFI_N_AL'.. • • •...... : :.. ."
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a recent p_per written by Seaberg and _mith. 3

The normal-acceleration transient response to a unit

step input, n(t), was obtaln_d by cascading another trans-

fer ±unction onto One original astltu_e-angle block aiagram.

[

__ _ l = i _S+ 1

, i

ate gyro and servo_

, f

1

The operational form Inuicated for determlnlhg n is

given by

n (s) = K_s _o (s)
_s + i

where Kg has the units, g's per decree/second.

Finally, the con_rol-surface-ueflectlon transient _

6

re_>cns£ to a unit ste_ w_s obtained from tne _i (s)

response wnere

O 8o O

e_ (-") :_ Is) . e_ _s)

;.1,Ernest C. Seaberg and Earl F. Smith, A Theoretical

Investigation of an Automatic Control SFstem with Prlmar][

Sensizivlt2 to Normal accelerations as Usea to Control a

Supersonic CanarC _issile Configuration, N_CA Ri4 LSID23,
l_S1.

CONFIDLN T2AL ..... :
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TI_ ,_N_LY_I3 PROCEDURE

9djustment of the static _, __Kr __and KA.__ The

met_,oa and proceaure for obtaining one over-all _o

frequency re.sponse by clo_in_ uhe two loop_ of the control-

system Olock alagram was in accordance with linear servo-

mechanism theory. 1 The static gains (zero-frequency ampli-

tude ratios], Kr of the rate gyro ana servcmotcr combina-

tion and K_ of _ oarticul_r autopilot, were chosen to yield

approximately a minimum-error response for one f!ignt

conai5ion, C_at is, a response with /l¢l(t)lat nearly

minimum for a seen inout comm_na signal, ei (t). Since an

analytical metnou ol error minimization was no_ available lot

t_is control ay_5er,, plo5ting the control-system frequency

res:)onse on the Nichols chart 2 was necessary; then the race

gyro =na _ervomoCor combination and autopilot static gains

were aajusce_', grap:_icaily until the over-all closed-loop

frequency response, @o closely represented the zero-
e-T _Jm)'

aecibel contour lot _s high a r_nge of frequencies as

_._cs_Iole. %_is ,_s conslaerea a good approximation of a

i Ooraon _. brown and Donald B. Campbell, Principles

of Servomec_anlsms (Eew York: Jo_n Wiley ana Sons, i_48).

2 li_rcld Chestnut _nd 1_obe.Xt W. ;4ayer, Servomecnanlsms

and }iegulating System Design (New York: Jo_nq Wiley and Sons,

195i), _, 319.

: : _. .... .. .. :. : :..,.

1 • : @ • O@ • O_ • •(-,_i,T_N'L!',_L. ... : :.. : :.. :..
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minimur_-error c_ntrol system.

To _voia some _ecunU_ncy, _he expcesslon, rate gyro-

serve, will menu r_te gyro un',iservomotor ccmbln_tlon

throughout the rem_Incler of the paper.

The proceCure for ootalnlng tne over-all frequency

re_:_onse anu cz_e method of _dJustlng the galn_ was _s

fo!iov_s. _ine _'requency _esponses of the missile ana the

6r
r_te .gyro-_ervo i_ere oloctea _ncl the procuct, _- {Jm) =

e o 6 r
6-- (j_). __ (j_), w_s taken by adding the log modulus and

8o
the phase _ngles on the gr-p_m of log mouulus plotted _galnst

ioc Irequency, _nd _hase angle against log frequency. This

prouUct _as then plottea on the _Ichols ch_rt _nd tI_e closed-

looc frequency response, 6r
" 6-_ ( J_)' was obtained by reading

tne coo:_dlnat_ of the supcrlmoose_ clo_ea-loop contours.

_t cnis _oinc, cne static gain ol the rate gyro-servo can be

inc;'eased or dec:,eased by me_'ely translating the open-loop

curve vertically to _ nigher or lower position, respectively.

Then the following operation was necessary to obtain the

8o frequency response:

_---_(j_)
8o Gr eo

_A _ :_ _ "_ _")

The _uCopilot transfer function was aaded to tl%is

response on the graphs of log moaulus plotted against log

frequency, _,nd phase angle against log frequency to yield

the over-ai! open-loop reupcnse, _o
z"-_(j(_)"

.....='"".::ii:...:. • ::..
C-}._ I'_E.,i±I_L ,. . : :..
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At this point, any vari.tion of the rate gyro-servo

static gain altered the shape of the open-loop frequency-

response curves, __%°(_ ), and a family of curves for each

£i

m_ssile and autopilot comblnatlon was produced for several

values of rate gyro-servo static gains. This family of

curves was examined, and the curve whose modulus approxlm_ted

the shape of the closed-loop zero-decibel contour on the

R£chols chart and had a large p.ss band of freqaencles w_s

chosen as that which _ould yield nearly a minimum-error

transient response for the missile _ith that particular

autopilot; then the autopilot static gain ,vas adjusted to

position the open-loop curve so it fell somewhere along the

zero-declbel contour or bet,sen the zero- and 2.3-declbel

contours, depending on the shape of the curve. When this

gain adjustment was mude, the over-all closed-loop response,

eo(j_ ), ,vas obtained by reading the coordinates on the

@i

superimposed closed-loop contours. This w_s the final ste_

in finding the attltude-a_le response to a slnusoldal signal,

@i(J_ ). Having found this response, the attitude-angle

transient response to a square-wave input was obtained by the

method of superposltlon. Bee Appendix B for examples of the

log-modulus and phase-an4_le plots and Nichols charts.

Since it is not alNays possible by merely examining

slightly different frequency responses to choose the one

that _tll result in the best transient ch_ructerlStlcs, it

.. ...:!i.
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was necessary to obtain _nd examine the transient responses

for several adjustments of K r and K A by the method

described in the previous paragraph, and the combination of

KA ant Kr which yielded the best transient characteristics

was selected. This method of adjusting the system'_ gains

dla not necessarily give a minimum-error transient response,

but it was believed to have given one which was nearly

minimum. The gains were thus adjusted for each autopilot

at .,,= 1.6 and an altitude of 4,000 feet.

Holding these gains fixed, the attitude-angle

transient responses for other Mach numbers and altitudes were

obtained by the method previously mentioned after making the

required changes in the coefficients of the missile's

transfer function.

The procedure for obtaining the control-surface-

deflection and normal-acceleration trar_sient responses to a

step comm_nd sign_l was the same except for the previously

mentioned changes in the block diagram described in Chapter

II.

MetLoC of obtainin_ the tr_nslent responses. The

transient responses were obtained by she use of an electro-

mechanical Fourier synthesizer at the Langley Laboratory.

This m_chine adds a finite number of terms of a Fourier

series. 3 Since the frequency response of the system

Seam_ns, Bromberg, and Payne, loc. cir.

• • • eb
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including the missile, rate gyro-servo, and the autopllot

was available, t_le system's response to a square-wave input

•a_ detcrmlneC by the mgthoa of superposition. The output

producec_ was

_r " - sin r_ 1 t + (Phase angle)r_
n-i,3,5, ..23

_3

One requirement was that it was necessary go have the

perlcc of ta_ fundamental frequencY,_l, l_rge cncugn so

that all cf _ne transient motion had essentially died out by

t_e en_ of each half cycle, _velve o_d harmonics usually

gave a good a[:p_'oximation for the response of ti_e system to

a square-_vave input, The rate-damped missile and autopllot

were equivalent to an electrical low-pass filter so that

any hi','un-frequency narmonlcs were greatly attenuated

relative to the fundamental ana thereby contributed li_tie

to the transient response.

.<
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CHAP TER IV

RESULTS _ND DISCUSSION

The analysis was conaucted to determine the effects

o£ the natural frequency of autopilots on the performance

characteristics of an attitude control system. Nearly

minimum-error transient responses of the rate-damped missile

ana autopilot comOination were obtained for M = 1.6 and an

altitude of 4,000 feet with suitable adjustments of the rate

gyro-servo and autopilob static gains. These resulting gain

constants with the corresponalng autopilot natural frequen-

cies are presented in Table II. With these same gains,

attituae-angle transient responses for flight conditions,

i_ = 1.2 and M = 2.0 at an altitude of 4,000 feet and M = 1.6

at an altituae of 30,000 feet, were obtained to determine the

effects on the system Cue to changes in flight conditions.

Also, ccntrol-surface-_eflection transient responses were

founa for flight conditions, M = 1.2, _ = 1.6, and M = _.0

at 4,000 feet, and all flight conditions considered for the

missile with an autopilot having a natural frequency of 50

raGians per second. Normal-acceleration transient responses

were obtained for the autopilot natural frequency of 50

raalans per second for all flight conditions considered and

for all other autopilots at M = 2.0 and 4,000 feet.

In studying the results herein, there are tD.ree

_4
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TABLE II

AUTOPILOT AL_D RAT]_-GY[_O-S_I_VO STATIC, GAINS TABUi_TI_/)

AGAINST AUTOPILOT NATURAL }REQUhi_CY

djusted for M- 1.6 and _It£tude of 4,000 feet!

..................

140 I

70

SO

30

0.08

I .13

L °
1
b .tO

KA

2.S_

2.4B

2.82

1.26

i"i" i_ _L i: i i_coI_ ,"_......N_ _ . ....
J' ee ••.... , ."
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salient transLent characteristics a_earing in this dis-

cussion that need to be defined: amplLtude of the initial

overshoot, rise time, and response time. The amplitude of

the initial overshoot is the magnitude of the first peak

above and measured _ from the steady-state value. The rise

time is the time for the out_ut, @o(t), to initially reach

the steady-state value. The response time is the time re-

quired for the output to reach and remain within+ 5 percent

of the steady-state or final value. These salient attitude°

angle transient characteristics are illustrated in Figure 7.

Since the out_ut of most physical systems can _t best only

follow the input with some sm_ll dynamic error, the best

approximation of a desired transient response is the one

that has a small amplitude for the initial overshoot, a short

rLse time, _nd a short response time. DesLrabLe transient-

response characteristics are those that reduce the transient

dynamic error; however consideration of the structural and

the control-surface-deflection rate limitations may put some

restrictions on these transient characteristics. AlsO, a

missile and nut•pilot combination m=y have transient ohar=c-

terLstics that are desLrable for one flight condition, but

changes in 7_ach number or altitude may cause _ radical change

in the amplitude of the initial overshoot, response time, and

rise time• Another system :nay have transient characteristics

that yield a slow response or one with appreciable tr=nsient

?
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A -,Amplitude of the Initial overshoot

B - Rise time

C -Response time

D - Transient error

Figure ?.- Representative attitude-angle transient response

illustratlr_ transient characteristlcst amplitude of the
initial overshoot, response time, rise time, and transient
error
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?

error, and yet, changes in flight conditions m_y not have

•uch effect on these transient characteristics. It may be-

come necessary, depending on the applicatLon, to sacrifice

desirable transLent characteristics for poorer transient

character let Ins that are more consistent over a '_ach number

and altLtude range. The particular application of the

control system will dictate what considerations are necessary

for effective control.

A physical system may er_hibLt non-linear behavior

caused by some limitation on the control-surface deflection

either due to stops buLlt into the control system, fknLte

length of the servomotor stroke, or lLmit on the aerodynamic

control effectiveness• For example, in order to _roduce the

required attitude-angle transient response, the inputs to the

servomotors m_y call for a large oscLllatory control-surface

angular displacements through the combined outputs of the

rate gyro-servo and autopllot causing the servomotors to

iimLt at a maximum angular deflection and to remain there

until the signals to the servomotors call for a reduction in

the control-surface deflection from this ma_i_am v_Aue.

The linear analysis for the control system may _iso

call for a rate of servomotor displacement that is beyond the

physical limLt of a particular valve and servomotor oombi-

nation. This power £Lmltation,whlch, for e_ample _, might be

due to some restriction Ln the time rate of volume flow for

S
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a hydraulic fluid under a given pressure, was not oonsLde_ed

in the a_alysLs. The transfer function for the auto_tlot

was based upon the servomotor ouput velocity, m, being

proportional to the transfer valve displacement, y. This

1Lnearizatlon of the v_Ive flo_v characteristics _,ud the

assumption of incompressible _loa yielded the second-order

:hara:teristlc equatloa of _he auto_ilot. See A_endL_: A.

_recautions should be t_ken to _revent sach non-

iLnear behavior in a control system• if, ho.vever, suc_ be-

havLor does exist, consideration should be gLvea to determine

to what extent the linear method of analysis Ls _ILd.

AttLtude-a_gle transient responses. Attltude-_agle

tr_nsLezt responses _e _resented in Figures 8 through ii.

The transient char_terLstics _re summarized _,n Fig ares 12

azd 13.

Figure 12 shows that, in general, increasing the

natural frequency of the autopilot for all L_aoh numbers _nd

altitudes considered c_uses the rise time mad the response

time to decrease. The LnitL_l overshoot did act h_ve any

sL_,_iflcant tre.qd so it w_s neglected.

Figure lZ also sho,vs that the greatest improvement Ln

the tra_Lent characteristics occurs for the system with _,_

_topilot _tur_l frequency bet,_een 3D _d 70 r_d£aas _er

second. For the syste/l_ _ith _n autopilot n_tur_l frequency

_re_ter than ?0 rmdiaqs per mecoad, the improvement is act so

C C ;_£ / Dh ,"ITI._.L .... ; ......
. ,, .: ..o _ D • m i D I D D

• I I i • i
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Autopilot -

,2. • -
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I

C

0
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._£.2

-_.0

O o_ -

<D

4,000 ft

_-- 1.6

.8

.6-

.4L

,_;

0 _ ,

.2 .4 .6 .8 _.0 l.g 0 ,_ .4

_0,000 ft
_= 1.6

.6 .8 1.0 I._

1._

.6

._ -
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_ £.0-
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pronounced; however at these frequencies, _he cost in the

design and construction oi" such autopilots begins to increase

appreciably. For _n economic reason, the po_slble added

improvement us a result of using an autc pilot natural

frequency greater than 70 will be outweighed by the increased

cost.

The total transient error, or /l¢l(t) Idt _as

computed by integrating with a planime_ter over the attituae-

angle transient response from zero time to the time required

for the output tc reach _nd remain ,vithln 5 percent of _he

steady-st=to value. This total transient error is a method

of evaluating the comblnea effects of the transient charac-

teristic_ ._na is !ncic_tive of how well the output follows

the input signal; the magnitude of this error should be held

at a minimum Jot accurate control.

_nce the _nalysi_ _id.not include an _ttempt to

minimize any one of the transient ch_rac_eri_tlcs such _s

the rise time, response time, or the initial overshoot, _here

may be some _pplication where one, two, or all three of these

char_cterlstics must be held below some prevlou_ly aetermlned

minimum. The minimum-error cri_erla employed in the analysls

may not necessarily minimize any one of _hese s=lient cnarac-

cerlstics unless the criteria is moaifiea by weighting the

error signal, _l(t), with some functlon of time, f(t},

yielaing /l¢l(t) If(t)dt that should Oe held at a minimum.

.... :, .. .. .. : :., :.
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This function of time may be chosen arbitrarily to f_vor a

transient with a short rise time, _ short response time, or

a small overshoot.

Further, the _Inimum-error criteria employed in the

analysis must be used with caution whenever there is noise

present in the comm_nd signal. A control system having a

saall valae of /IEl(t)Idt is usually _ssoolated _Ith a

_ontrol system having a reA_tLvely large bandwidth. Figure

14 ts included to Lllustr_te the type of pass band and the

magnitude of the bandwidth of the attitude control system.

When a random disturbance or noise is present in the command

signal, there may be unwanted motion at the output of the

control system, and increasing the bandwidth _ill usually

increase the magnitude of this unwanted motion; therefore,

to reduce the effects of noise at the output, the bandwidth

can be reduced w_th some Io8s in control _ccur_cy. When a

random signal is present over the entire pass band, there

arises the very complex problem of determining the type of

control-system frequency response that will keep the error

due to noise at a minimum and the error between the desired

input and output at a minimum. Obviously, some sacrifice

_ust be made in control accuracy to reduce the effects of

nolse at the out_ut. There have been some recent _dvanoe-

1
ments in the methods of determining the ty_e of frequency

i I. Tustin AbtO:,Lat'C _aa "(_or_.t_._{I_ew York:
Academic Press Inc.,_95_). --7 • • • • •lel @e • @'lID • em& em
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responses necessary for control systems with random disturb-

ances in the input signal largely as u result of _ork done

2
by Wiener.

Control-surfuce-deflectlon _nd norm_l-acceleratlon

transient responses. In order to present _ more complete

analysis of the rate-damped missile and uutopilot oombi-

nation, Control-surface-deflectlon and norm_l-aaceleration

tr_nslent responses to a unit step input sign=l, @i(t), are

presented in Figures 15 through 20. Since there are physical

limitations on structural loads, =mplltude of the control-

surface angular deflections, _nd time rates of change of _e

control-surface deflections, these trunslents _re usef=l in

determining what maximum values to expect for any step input

signal. Also, the 6 tr_nslent responses indicate what tot=l

accumulator energy and what peak accumulator power is

required _n response to a step input, @i(t).

Control-surface-deflectlon tr_nslent responses were

obtained for the missile and autopilot combination _Ith the

autopilot natural frequeaoles of 30, 50, 70, und 140 radlans

per second and for an altitude of 4,000 feet at all _ach

numbers considered. A response was also obtaLned for an

autop_lot natural frequency of 50 radlans per second at_

2 N. Wiener, Inter_olatlon, Extrapolutlon, and

Emooth£n_ of Statlonar_ Time Set'lee (New York: John Wiley

and Sons, 1949).
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:_- 1.6 and an altitude of 30.000 feet.

Revle_ng the 6 transients _resented, some genez_l

conclusions are re_ched. For the missile and all _uto_ilots

considered, the amplitude of the maximum control-surfoce

deflection, in general, decreases ,vlth u c increase in ,Inch

number for an _ititude of 4,000 feet. For flight conditions

at 4,000 feet and all _ch numbers considered, increasing

the _n of the nut.pilot Increases the _upiit_de of the

maximum overshoot. The m_xlnum control-surface deflection

for a step input _/gnal, @i(t), increases _ith _n Increase in

altitude for the nut,pilot aith an _n : 50 at I : 1.6.

Figure 21 presents the total 6 travel, in response to

a step input signal, computed from the 6 transient responses.

Id6 idt was obtained by manu=llyThis total 6 travel, or i_'_ ,

adding the tot_l angular dlspl_cements of the 6 tr=nsient

responses. The accumulator supplies the hydraulic fluid

to the transfer v=lve _nd servomotor combination. Because

of the assumption of In-.ompresslble flo_, the _olume of

fluid supplied to the servomotor _s proportlon=l to the

servomotor displacement _hlch is, in turn, proportionml to

the control-surface angular displ_cemeat. A further m_-

sumptlon is that the fluid in the _ccumulator is under

constant pressure. Reference to the _ocumul_tor energy

supplied to the servomotors in _his p_per is t_,e product of

the constant a z_u,uulator pressure and the volume of hydraulic

OON_ IJZ ;_'.!IA_ ,,, .': :: ....D
| B B _ • D D e D

Da • • D D D



_0
g)

-4

g)

O

I
--4

O

;-d

O

_9

--4

O

@m

"O

i
16

i
l

L2

CONFI DEN TI AL

| I b I # ' ii .... _- i I I l o , i ,

. , , K_n_
P | D Ii _ ) _ J J i

I I I l I I I I I @ l I I i I I _ i i , j

katopilot - s2 + 2_os • r_n2

4,000 ft
Ul 1.6

.__

0

0

16 -

I

I

4L

O'

2O

16

12

8

4

f
,L

4C

L 3. L I i 1

60 80 LO0 120 i40 _60

4,000 ft

0 2O 40 60

(9

80 LOO Ia0 A4O L6'_

|

0 ao 16o

ft

/ M2:o
40 60 80 lO0 i20 140

AutopLlot natural frequenoy, _a, radLans per seo

47

Figure 21.- Plot of total 6 travel against autopilot natural
frequency In response to a unlt step input signal. /of

autopllot, 0.5.

". ¢O_tb]_A_, ............D e o o o i e J ! b

i , _ • • I I l • _ I e e I I

_ : * # i l • I @ I I I & @ I i l i I I



.. wQ.JF+ DiNT IAL

...... 46
• • • • -- -- ; i J hi p j j j

• , o|o ; | i j |
O0 6oe io oeJ J • g j 8e • • )

0 J J ) _

fl'_id s_pulied to the servomotors. The aoz_mul=tor peak

po_er su_lie_ is the ma_i_u_ r_te at which this energy, is

e_hd'_sted _t any- instant by The servomotors in response to

a _tep input s[zn_l.

F[Eure 21 illustr_tes that more ac=umul_tor stored

energ_ is required for the high nmtural freque.qz_' autopilots

th=n for the lo.m frequency,. [n Eener=l, tNe ao_mui_oz.

e qerEj supplied does not increase appreoi_bl$ =bore _he

nat,_ra! frequency of 70 r_dians per second.

Fibres 15 through l_ illus_r=_e th_ the peak @o_er

re_,u[re/ of the a:_umulator is highel lot the s_s_e_ _itn

the hflEher nstur=l frequen¢//. To su_l$ this _e=k @o_ez,

the restrictions to the fio_ of fluid should be ke@t at a

_[ni_u_ by _ak[ng the oross-seotlon_l _reas of the v=ive =._d

servomotor ports alo:_g with the oonneotlng tubing large.

5[nce thLs requires that the _ooumulator and the _ssooiated

gear be large physically, the sp_e _nd weight limlt_tlons

•,_ke it a requirement to keep the natural frequency near the

forest v_lue that yields s_tisfaotor? control aoc_r=cy.

_ormal-a:celer_tion transient responses ae_'e obt_i_]e_

for the system having a.q _utopilot natur=l frequency of 50

rad£ans per second for all _._ach numbers and _itlt_des con-

sidered a._d for the s_stea _tth the fD_r _topilots

_onsidered _t the highest _aoh n'_nber. The hIEhest Inch

nunber .a_s chosen sinoe this fli_=ht oondltlon usu_ll_ _,lelds

' '_0];_ " _ , , .: . . _A_ .... : , . .
i _ : , | i • • s | ,
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ti;e _.iq,'<s% v_lue of 'S i'o2 a given aiti_uuc, _nc _oalC set

!;i.e ii_:1% on _he m_ximum _m:,ii_u_ of th_ incu_ Jt_p s_n_l

_c t:1_ the missile will not be stressed near its structural

ii::'t ,:,ile res:_cn_in S to cor;manCs. Tx_e nc:'m_l-accelcr_<ion

t:'_: slcnt :'esoonses s_.own fo:' J] : _.0 illust._te _n_t as

_n inc2<ases, t_e m_ximum normal accele._ation Inc:,e_ses,

For _n -- _=0 _n_ _,!= l.O, increasing the _itituae Cecre_ses

the m-xlmum norm_l _ccel<r_tlon p_r uegree oZ input, _9i[ ti.

f ln_ili, io? one _u5opilct mn = _0 =t 4,000 feet, Increasing

t_,e _i_cn numoer increases ti_e m_ximum overshoot for the n(t)

Cr_nb]enz responsc. Figure _w illus5_ces ti_t the struc-

tura_ limit is _:.,p:'o_cnea __pidly as _he _utoc;_ot n._tura

r[quencj re_ches 140 :_ians _er second.
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CHAPTER V

CONGLU$ IONS

As a reeult of the theoretical invest ig=t ion of the

influen_3e of an autopilot natural frequency upon the djn=mic

perform=hoe of an attltude-angle control system, the follow-

in== conclusions are re=_hed.

For all _utopilots 3onsldered, increasing the

autopilot natural frequency c=uses the aocur_3y of control

to improve, _nd the rise and response times to decrease•

The improvement in the _ttitude-angle tr_nslent character-

istics as the =utopilot natural freqaency increases is

greater for chan_es in natural fre_aeno3: from 30 to 70

radians per second with smaller improvement for natural

frequen31es greater than 70 r=dians per second for all flight

co:_dltions considered eK_-ept at an altitude of 30,000 feet•

For all fliEht conditions considered, the required

_=t_.red energy increases as the autopilot n_tural frequency

Increases from 30 to 70 radians per se3ond. Bejond 70

r_dian. =, ho_ever, the amount of stored fluid necess=r b' fo_

control does not increase si_nific=ntly for some flight

condltIDns. The peak accumulator _o.'_er does _ncze=se nith

increases in autopiiot _atur_l frequency. Also, the stresses

in the missile's structure due to normal acceleration in-

cre_ses rapidly be:,'ond _ ,q_tur_l frequency of 70 radi_ns _er

51 ...... : ..... "
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From the above oonslderations, =n auto;ilot natur_l

frequency of 70 radians per second appears to be a good

compromise. At this frequency, the mcour_zy of control is

sufficient, and the cost of constructing such mn autopilot

would not be excessive• Although it is _ossible to choose

a higher natural frequency when the amount of stored energy

or fluid is the only consideration, the pe_k power

requirement snd the mls_ile's normal acoeler_tlon favor the

ickiest autop[lot nstural frequency that yields satis1_ctory

oontrol a_ _uracy.

The data obtained from investigations of this type

ma_* be used by the control system designer in conjunction

_vith space, weight, and economic consider=tions to determine

the most practical automatic pilot speclficmtions. _or other

mis_ile configurations and control systems, a similar in-

vestigation would be required to obtain the d=t_ needed for

selecting an autopilot compromise.
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LINEARIZATION OF THE TRANSFER VALVE CHARACTERISTICS YIELDING

THE RESPO,.VSE THAT THE SERVOMOTOR VELOCITY IS PROPOR_£ONAL _O

THE VALVE DISPLACEMENT

Valve

i___x _ Servomotor . __

I ..... --_/T, .......

.._7_.:7;,;,),'//,','.,//,"_u!,'/.,',q77777-q._-_...,_._.77'//_..."///_'-'_
i_ I.,.i'_J

-- y ,"_, . . ,S_r-_nsfervalv_

Ac eumulat or

a

Kp

_v

area of the servomotor _Iston, Inches 2

proporttonalLty constant between the volume rate of

fl'o.vof fluid and the servomotor linear velocity,

_, feetS/second per foot/second

pro_ortlonallty constant between the volume rate of

flow of fluid and the transfer valve linear

displacement, q--,leerS/second _er foot
Y
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Pv

q
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pressure drop across the servomotor piston, pounds

per inch 2

_ressure in the accumulator, P+Pv, _ouads per Inch 2

pressure drop across the transfer valve, pounds per

inch _

volume rate of flo,v of fluid, feet 3 per second

load impedance analagous to electrloal Impedance

The following is a plot of transfer valve flow

characterlstlss whloh is representative of results obtained

e_per £mentally.

Pv3>Pv2 >Pvl

q

. _ Pv3

Pvl

Y

The dead spot shown at the origin is due to the valve spool

overlapping the valve ;o.rts. If this char_cterlstlc is

linearlzed by considering only small valve dlspl_cements-=

y--, no overlap, and small variations of the servomotor

dlsplacement--x--and all its derivatives, then

(I) q = KvY

Further, if the assumption of _n inoompreeslble fluid i8 m_de,

the servomotor will satisfy the relation,

(2) q = Kp_

Therefore, if the a_cumul_tor _ressure Is of sufflo£ent

........ • :: • "" _"
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magnitude such that

(3) _P = Zcx o

59

then from the relations, (I) and (2), the servomotor velocity

is proportional to the valve displacement•
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LOG-MODULUB AND PHASe--ANGLE PLOTS A'_D Z_ICHOLS CHA_TS

log-modulus _nd phase-angle plots--6A(J _ ), ___ (jm),

• ¢I eo
eo (Jco) S (j_)--and Nichols ch_rts _ith_ r (_) and eo(j_ )

_]otted on the open-loop coordln=tes _re Illustrated for

M = 1.6 _t 4,000 feet and an _utopilot n_tural frequency of

50 r_d£ans per second•

The Nichols chart, like the Nyquist diagram, indicates

vhether or not a system is stable _nd roughly Indlc_tes the

amount of overshoot _ad response time to e_eot ,_hea the

system is subjected to a step input signml. The superimposed

contours yteld the closed-loop response, KG (J _ ), if
I+KG

C = A - B. KG(J _ ) Is the :omple_ g_in or response of

system's open-loop transfer function to slnusold=i inputs

KG(j _ )

These methods are ident£c_l to those employ.ed in

network and feedback amplifier theory.
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